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Presentation of the lecturer
• Vincent Moureau

– Since 2009: CNRS research director at CORIA
• Development of the finite-volume code YALES2
• 2018: Grand prix of the French academy of science for aerospace & 

aeronautics engineering
– Since 2016: scientific expert for SAFRAN TECH
– 2008: combustion engineer at Turboméca, SAFRAN group

• Design and modeling of combustion chambers in helicopter engines
– 2006: post-doctoral fellowship at Stanford University, California

• Modeling of premixed combustion and two-phase flows
– 2004: PhD thesis at IFP – ECP

• Large-eddy simulation of in-cylinder flows in piston engines
– 2001: Ecole Centrale Paris – option Air & Espace

• Fields of expertise
– Modeling of reacting and two-phase turbulent flows
– Thermo-acoustic instabilities
– Numerical methods and development of finite-volume codes
– Aeronautical and automotive engines
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Plasma flows from the modeling 
and simulation standpoint

3



Laser-induced plasma

• Multiple phases, high-temperature and shocks

Electron microscopy images of the surface of 
a steel sample

Formation and propagation of a shock wave and the 
progressive formation of Aluminium droplets

Courtesy A. Bultel, CORIA



Kinetics in out-of-equilibrium plasma

• Multiple species, ions, electrons and temperatures
• Many types of chemical reactions

0-D simulation of laser-induced aluminum plasma

Courtesy Y. Bechane and V. Morel, CORIA



A summary of the simulation and modeling challenges
• Multi-regime

– Laminar/turbulent/transitional flows
– Subsonic / supersonic / hypersonic
– Continuous/rarefied, …

• Multi-physics
– Complex thermodynamics
– Complex transport
– Reactive, non-equilibrium flows
– Conjugate heat transfer

• Multi-scale
– From meters to nanometers
– From hours to nanosecond

• Complex geometries
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Outline

• Context
– Plasma flows from the modeling and simulation standpoint

• Numerical methods for Navier-Stokes type equations
– Solving the compressible Navier-Stokes equations
– Shocks
– Solving the incompressible Navier-Stokes equations

• The YALES2 project
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Solving compressible
Navier-Stokes equations

8



Mach number Ma=u/c
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• Some applications have a high Mach number
– Rocket engines, stato-reactors, supersonic planes, space shuttle…

• Or moderate Mach number with compressibility effects
– Compressors, turbines, planes, …

• Many daylife applications have a low-Mach number
– Most burners (for flame anchoring…)

• Industrial furnaces
• Car engines
• Aircraft/Helicopter combustors

– Mixers, pipes, pumps, nuclear plants, wind-turbines, …

• Be careful: some phenomena happen at low-Mach number but need 
compressibility to be explained
– Acoustics
– Combustion instabilities



Navier-Stokes Equations
• Conservative form with total energy E

• Thermal Equation of State

• Mechanical Equation of State
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E =
1

2
u2 + CvT
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Navier-Stokes Equations
• Variables in a vector W to simplify notations

• FE: Euler Fluxes
• FV: Viscous Fluxes
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Euler Equations
• Conservative form with total energy E

• HYPERBOLIC equations
• PARABOLIC equations
• ELLIPTIC equations
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Finding the waves from the 1D Euler equations
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• Starting from the vector form:

• Perform a linearization: 



Finding the waves from the 1D Euler equations
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• Why???

• If lucky, the jacobian matrix is diagonal!

• This would mean that the components of W are independent
• They would be independent waves moving at given velocity

• If J is not diagonal, then the components of W are a mix of 
some waves that must be computed.

• How? Diagonalisation (which is just a change of basis…)
• Just rewrite the same equation with nicer variables…

J =
@F

@W
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Finding the waves from the 1D Euler equations

15

• For Euler equations, the Jacobian Matrix is:

• We want to have INDEPENDENT variables è diagonalisation

acoustics

convection



What about 2D and 3D?
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• Entropic transport is a 1st order hyperbolic problem

• Acoustic is a 2nd order hyperbolic problem

• Consider someone throwing an object in a river:

entropy

acoustics



Explicit numerical methods and boundary conditions
• Classical numerical schemes can be used for time integration

(RK3, RK4) but a CFL condition must be set for ALL WAVES:

• The spacial discretization is usually performed with UPWIND
schemes. However, special attention must be paid to the
direction of the characteristics!

• If , no boundary condition is a pure inlet or outlet!!!

i

upwind to i

upwind to i

downwind to i

downwind to i

downwind to i

upwind to i
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Waves and boundary conditions

Courtesy Y. Bechane
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Quizz on waves & boundary conditions
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𝑃 = 𝑃! + 𝑑𝑃
ρ = ρ!

T = 𝑃/(𝑟 ∗ ρ)
𝑢 = 0 𝑚/𝑠

Outlets



Quizz on waves & boundary conditions
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𝑃 = 𝑃! + 𝑑𝑃
ρ = ρ!

T = 𝑃/(𝑟 ∗ ρ)
𝑢 = 50 𝑚/𝑠

Outlets



Quizz on waves & boundary conditions
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𝑃 = 𝑃! + 𝑑𝑃
ρ = ρ! + 𝑑𝑃/𝑐"

T = 𝑃/(𝑟 ∗ ρ)
𝑢 = 0 𝑚/𝑠

Outlets



Quizz on waves & boundary conditions
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𝑃 = 𝑃! + 𝑑𝑃
ρ = ρ! + 𝑑𝑃/𝑐"

T = 𝑃/(𝑟 ∗ ρ)
𝑢 = 0 𝑚/𝑠

Walls



Quizz on waves & boundary conditions
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𝑃 = 𝑃! + 𝑑𝑃
ρ = ρ! + 𝑑𝑃/𝑐"

T = 𝑃/(𝑟 ∗ ρ)
𝑢 = 0 𝑚/𝑠

Walls Wave
Reflection coefficient = 0.2 



Quizz on waves & boundary conditions
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𝑃 = 𝑃! + 𝑑𝑃
ρ = ρ! + 𝑑𝑃/𝑐"

T = 𝑃/(𝑟 ∗ ρ)
𝑢 = 𝑢! + 𝑑𝑃/(ρ ∗ 𝑐)

Outlets



Shocks
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What can be described with Navier-Stokes equations?
• Shock / Boundary Layer Interaction
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What can be described with Navier-Stokes equations?
• Shock waves around supersonic planes (NASA)
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Riemann problem
• A good example: the Sod tube problem (courtesy Y. Bechane)
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pressure density velocity



Riemann problem
• A good example: the Sod tube problem
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https://www.youtube.com/watch?v=BYrhQ8oGT3Q



Riemann problem
• Characteristics for the Sod tube problem

30

Roe P.L. (2015) Riemann Problem. In: Engquist B. (eds) Encyclopedia of Applied and Computational 
Mathematics. Springer, Berlin, Heidelberg. 



Riemann solvers
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• Numerically, one can
solve a Riemann 
problem at each
interface

• Many options:
– Godunov
– HLL
– HLLC
– …

• Enables to treat
shocks and 
discontinuities

• Often very dissipative



Application of Riemann solvers 
Supersonic step at Mach = 3.0
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28 C. J. GREENSHIELDS ET AL.

(a) PPMLR, cell size = 1/80 (after Woodward and Colella [32]).

(b) KNP with van Leer, cell size = 1/80.

(c) KNP with van Leer, cell size = 1/160.

(d) RKDG third-order (P 2), cell size = 1/160 (after Cockburn and Shu [8]).

Figure 6: Forward-facing step; density solution at t = 4 s; 30 contours in the range 0.2568 <

⇢ < 6.067.

Preprint submitted to John Wiley & Sons, Ltd. October 1, 2014

Prepared using fldauth.cls

PPMLR, Woodward and Colella (JCP 1984)
• Preservoir/Pa = 6

• Pnozzle/Pa = 0.21
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through which the air was supplied to the nozle was 88 mm. The setup was equipped with a 
traversing gear that allowed us to scan the flow with a Pitot probe both in streamwise and radial 
directions (in the interval of respective cylindrical coordinates 0< x � 720 mm and 0< r <50 
mm, respectively. 

As a test case, a supersonic jet was selected issuing from a conical nozzle with a 15o- half-
angle at a design Mach number 3.005. The nozzle exit radius was Ra=15 mm, critical diameter 
Dcr=14.53 mm, and outer nozzle diameter 32 mm.  

For the over expanded flow regime, the pressure ratios were n = Pa/Ph = 0.6 and 
Npr = Po/Ph = 21.8 (here Pa is the pressure at the nozzle exit and Po is the stagnation pressure). 
The distributions of the Pitot pressure along the jet axis Pt(x) and the radial directions Pt(r) in 
various jet cross-sections were measured. The Pitot pressure was measured by Siemens pressure 
sensors KPY45A intended to measure pressure in the pressure range 0 to10 bars, whereas the 
pressure in the plenum chamber was measured with the Siemens pressure sensors KPY68AK (0 
to 160 bars). The experiments were conducted using an automated data acquisition system built 
around a personal computer and a 12-bit ADC.  

Optical visualization of the flow structure in the initial region of the jet at various plenum-
chamber pressures was performed with the help of a CV-M10 CCD camera and a TV-signal 
input system which allowed us to feed the information into the computer with long (1/30 s) and 
short (~1 microsecond) exposure times. 

The schlieren images of the shock-wave structure of the supersonic non-isobaric jet taken 
with long (1/30 s) and short (10–6 s) exposure times are shown in Fig. 2. These images corre-
spond to the following flow regimes: an overexpanded jet with an internal nozzle flow separa-
tion; with flow attachment into the nozzle in a supersonic overexpanded jet and a supersonic 
underexpanded jet. In the obtained pictures, individual elements of the shock wave structure of 
the supersonic jet are clearly seen. The schlieren photograph taken with the short exposure 
times also reveals the acoustic waves emitted into the outside surrounding space. Streamwise 
strips observed in the photographs are worth noting. These strips are due to stationary vortices 
in the shear layers of both under- and overexpanded supersonic jets. More details about the 
characteristics of the streamwise vortices can be found in [3, 4]. 

 
Fig. 2. Schlieren pictures of the supersonic non-isobaric jet taken with a long exposure time (1/30 s) for 
the pressure ratios n=0.303 (left top),  n=0.748 (right top),  and n=2.314 (left bottom) and with the short 

exposure time for n = 0.785 (right bottom). 

Zapryagaev et al. (report 2002)

• Pnozzle/Pa = 0.303

Laval nozzle



Application of Riemann solvers 
2D H2/air rotating detonation by Y. Bechane, CORIA
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H2+air



Literature
• Useful links:

– https://en.wikipedia.org/wiki/Riemann_problem 
– https://en.wikipedia.org/wiki/Roe_solver
– https://en.wikipedia.org/wiki/Godunov%27s_scheme
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• Books:
– Finite Volume Methods for Hyperbolic Problems by 

Randall J. Leveque (Cambridge)
– Riemann Solvers and Numerical Methods for Fluid

Dynamics by Eleuterio F. Toro (Springer)

• Online Course:
– Springel & Dullemond (Heidelberg)
http://www.ita.uni-
heidelberg.de/~dullemond/lectures/num_fluid_2011/
– François Dubois (CNAM)
https://www.imo.universite-paris-
saclay.fr/~fdubois/travaux/volumesfinis/volfi2k/dubois-
volfi2k-hal-2011.pdf

https://en.wikipedia.org/wiki/Godunov%27s_scheme
https://en.wikipedia.org/wiki/Godunov%27s_scheme
https://www.imo.universite-paris-saclay.fr/~fdubois/travaux/volumesfinis/volfi2k/dubois-volfi2k-hal-2011.pdf
https://www.imo.universite-paris-saclay.fr/~fdubois/travaux/volumesfinis/volfi2k/dubois-volfi2k-hal-2011.pdf
https://www.imo.universite-paris-saclay.fr/~fdubois/travaux/volumesfinis/volfi2k/dubois-volfi2k-hal-2011.pdf
https://www.imo.universite-paris-saclay.fr/~fdubois/travaux/volumesfinis/volfi2k/dubois-volfi2k-hal-2011.pdf
https://www.imo.universite-paris-saclay.fr/~fdubois/travaux/volumesfinis/volfi2k/dubois-volfi2k-hal-2011.pdf
https://www.imo.universite-paris-saclay.fr/~fdubois/travaux/volumesfinis/volfi2k/dubois-volfi2k-hal-2011.pdf
https://www.imo.universite-paris-saclay.fr/~fdubois/travaux/volumesfinis/volfi2k/dubois-volfi2k-hal-2011.pdf
https://www.imo.universite-paris-saclay.fr/~fdubois/travaux/volumesfinis/volfi2k/dubois-volfi2k-hal-2011.pdf
https://www.imo.universite-paris-saclay.fr/~fdubois/travaux/volumesfinis/volfi2k/dubois-volfi2k-hal-2011.pdf
https://www.imo.universite-paris-saclay.fr/~fdubois/travaux/volumesfinis/volfi2k/dubois-volfi2k-hal-2011.pdf
https://www.imo.universite-paris-saclay.fr/~fdubois/travaux/volumesfinis/volfi2k/dubois-volfi2k-hal-2011.pdf


Solving incompressible
Navier-Stokes equations

(i.e. low-Mach number flows)
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Low-Mach number asymptotics
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• Reference and dimensionless variables / equations:

• Perform an asymptotic development in Mach number (small parameter)

• Equations must be true at each power of Mach number!



Low-Mach number asymptotics
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• Order               : The background pressure is constant in space

• Order               : no steady acoustics

• Order 1:
– At each instant, density only depends on the local energy:

– The velocity divergence is a function of the density only:

– The pressure appearing in the momentum equation is hydrodynamic:



Projection of incompressible N.S. equations
• Solenoidal and irrotational parts of the velocity field are independent and

can thus be solved separately.
• The projection method of Chorin (1968) is based on that decomposition.
• First, a prediction step advances the vortices.

• This prediction is not exact and it introduces an (unwanted) irrotational field
whose divergence is not zero.

• The correction step removes this part of the field

• This is an ELLIPTIC equation
• The boundary conditions must also be taken into account…

Poisson Equation
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Generalisation to variable density flows
• Pierce and Moin (2004) generalized the previous method to variable 

density flows (combustion…)
• Prediction

• Correction

• The density must be provided through an Equation of State

Poisson Equation
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Solving the Poisson Equation

• The Poisson equation is elliptic: very hard to solve…

• The A matrix is symmetric with non-dominant diagonal. 
• Specific linear solvers must be used (PCG, MG, DPCG, …)

40
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The YALES2 project
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A multi-physics & High-Fidelity platform for complex flows

Two-phase flow Spray 
combustion

Renewable energies

Aerosol dispersion

Bio-mechanics
Gaseous combustion

• Developed by CORIA, the French Combustion Community and others
•    600+ researchers/engineers trained at CORIA since 2009
•    300+ articles (Google Scholar)

Sloshing in tanks

Heat transfer for additive manufacturing

Safety



Context: HiFi CFD  in aeronautical and aerospace industry 
Pressure swirl atomizer
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J. Vernier, J. Leparoux,
R. Mercier, SAFRAN TECH

H2 combustion

Sloshing cryo-tanks

C. Merlin
ARIANE GROUP

T
R. Letournel, SAFRAN TECH

Fire resistance of composite materials

IMFT HYLON 
H2/air burner

EM2C/CORIA
SAFRAN TECH



The YALES2 objectives

1) Fast, agile and open development for innovation

2) High-performance computing for multi-physics & multi-scale problems

3) Large documentation resources and test cases for minimal training. 
Everyone can contribute !

4) Fast industrialization even for 10’000+ core simulations

44

As fast as possible



A modular CFD platform
YALES2

library
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YALES2 
45 solvers

ICS
Incompressible at constant 
density

VDS
Incompressible at 
variable density

SPS
Spray with level-set and ghost-
fluid method

ALE
Arbitrary Lagrangian Eulerian

HTS

YALES2 
features

Heat transfer
MHD
Magneto-hydro-dyn

SMS+FSI
Structural mech.

ACS
Acoustics

High fidelity

High performance

Multiphysics

B

Differential 
operators

<latexit sha1_base64="lOOUR14Ry2fY1tjhLcpWNfHfXk0="></latexit>

Hybrid parallel 
communications

Linear solvers

Tabulated 
chemistry

Transported 
chemistry

Level-set 
interface

Stiff integrators

Dynamic Mesh 
Adaptation

Lagrangian 
transport

Fully parallel 
meshing

Discrete 
Element 
Method

Discrete 
ordinates 
method

Heat & Mass 
transfer / level-

set

Object-oriented
 & parallel data 

structures

Dynamic load 
balancing

DoE / workflow 
management

Turbulence
models

YALES2 
library

Automatic Mesh
Refinement

Parallel IOs

Look-up table
management

Automatic 
post-processing

External 
coupling

MFS
Explicit compressible
Multifluid method

ECS
Explicit compressible 
with shock capturing



CORIA commitments to the YALES2 community
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Training

• General training 
sessions: 3-4/year

• Two-phase flow 
training sessions: 

1x/year

• Tutorials: 
many/year

• Integrated in the 
INSA of Rouen 

curriculum

• 700 people trained
• 25% from industry

Events & 
dissemination

• Extreme CFD 
workshop: 1x/year

• YACKATHON: 
2x/year

• Participation to 
HPC projects: CVT 
GENCI and H2020 

CoEC

Support

• YALES2 users
meetings: 2x/year

• Management of 
yales2.coria-cfd.fr: 
gitlab + centralized

documentation

• Dedicated
contracts with

industrial partners

• Support for 
submission of 

EuroHPC projects



Training: more than 700 persons trained since 2009

47Thanks to Jérôme, the team and others for the help !



The Extreme CFD workshop
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January 22rd – February 2rd 2024

Merville-Franceville, FRANCE
EXTREME CFD7TH

WORKSHOP & HACKATHON

ECFD1 Workshop, July 2017, ENSEEIHT 
Toulouse, 23 participants

Thanks to Christophe and all the admin staff !



Support & agile development:   coria-cfd.fr
• Dedicated forge since 2010

– gitlab.coria-cfd.fr
– mattermost.coria-cfd.fr
– y2training.coria.fr
– yales2.coria-cfd.fr & sphinx
– Available from Irene, Topaze, Adastra, …
– Full access to the community

• Key figures for YALES2

– 20 major releases
– 1.2M object-oriented F2008 lines
– 30 000+ commits
– 15+ commits per day
– 300+ active branches
– 2 000+ merge requests
– 120+ contributors
– 600+ project members

49

Thanks to Alexandre, Ghislain & Jérôme !



Development dynamics in the community
• YALES2 Moore’s law: the number of commits doubles every 2 years

502012 2014 2016 2018 2020 2022 2024

0

0.2M

0.4M

0.6M

0.8M

1M

Code ownership

Li
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s 
of
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od

e

MOU

GLE

BENFPYMRD

YDE

FGA

BAL
CMY

JCAMEN

BYE

r5
70
r5
72
r5
73

2022.10 vs 2023.10 2023.10 vs 2024.10 2024.10 vs 2025.10

Commits 2 725 3 633 5 073

Modified lines 291 513 323 326 412 398

Contributors 37 40 50

Anubis

A.Dauptain
CERFACS

Strongly helped by the 
involvement of all labs



The YALES2 solvers
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Incompressible solver - ICS

§ Low-Mach projection method (Chorin)
§ Prediction

§ Correction

§ Explicit or implicit time advancement
§ TFV4A, RK, BDF, …

§ Highly-efficient linear solvers
§ DPCG, PCG, GMRES, …

§ Lagrangian point particle model
§ Scalar transport
§ Turbulence models

§ LES: Dynamic Smagorinsky, WALE, SIGMA
§ RANS & U-RANS: k-epsilon, k-omega
§ PANS

YALES2 
Solvers

U
             U_STAR
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Variable Density Solver - VDS

@⇢̄euj

@t
+

@⇢̄euieuj

@xi
= � @P̄

@xj
+

@⌧̄ij
@xi

+
@⌧̄SGS

@xi
+ ⇢̄f̃i
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§ Mass conservation: 

§ Momentum conservation: 

§ Sensible enthalpy conservation (finite-rate chemistry) 

§ Low-Mach projection method
§ Lagrangian point particle model
§ Combustion models

• Finite-rate chemistry: TFLES, VOM
• Tabulated chemistry: PCM-FPI, FTACLES, TFLES-

FPI

YALES2 
Solvers

[1] P. Bénard et al. – 2015
[2] L. Boulet - 2018
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Radiation Solver - RDS

§ Radiative Transfer Equation in spectral space:
dI⌫(r, s)

ds
= �⌫(r)I⌫(r, s)| {z }

Absortion

+⌫(r)Ib,⌫(r)| {z }
Emission

<latexit sha1_base64="tiWRXCggW9jU2kqzK+qajgBJWA8="></latexit>

ξ 

η 

µ 

ξ1 

η1 

µ1 

µ2 

ξ2 

η2 

§ Full spectrum SNB Correlated-k (FS-SNB-Ck) 
§ Includes CO2, H2O, CO & CH4 species
§ 7-point quadrature method Gauss-Lobato

§ Discrete Order Method 
§ Spatial resolution relies on angular quadrature
§ 3D-S4 quadrature with 24 angular points

§ High performance
§ Domain decomposition
§ BICGStab(2) linear solver

[1] Goody (1989). J. Quant. Spectro. & Radiative 
Transfer
[2] Lacis & Oinas (1991). J. Geophysical Research
[3] Liu (2000). Int. J. Heat Mass Transfer
[4] Rivière & Soufiani (2012). Int. J. Heat Mass Transfer

YALES2 
Solvers
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Heat Transfer Solver - HTS

§ Heat transfer in the solid
§ Solving of the unsteady heat equation with an implicit FV method

§ Thermal conduction equation

§ Discretization with Cranck-Nicolson scheme

Fourier number :

§ Wall treatment
Dirichlet , Neumann, Robin conditions
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Spray Solver - SPS

56

YALES2 
Solvers

§ Low-Mach projection method from ICS

§ Interface capturing
§ Accurate Conservative Level Set
§ Algebraic VOF (under development)

§ Surface tension models
§ Ghost-Fluid Method (GFM)
§ Continuum Surface Force (CSF)

§ Coupling with Lagrangian point force model

§ Dedicated mesh adaptation algorithms

§ Static/dynamic contact angles

@u

@t
+r · (uu) = �1

⇢
rP +

1

⇢
r · ⌧
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Phase Change Solver - PCS
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YALES2 
Solvers

§ Based on spray solver (SPS)

§ Interface capturing
§ ACLS

§ Two-fluid transport

§ Phase change models

§ Thermodynamics
• NASA
• NIST tables

Hl(T ) = hs,l(T ) + h0,l with hs,l = cp,lTl
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Explicit Compressible Solver - ECS

§ Mass/momentum/energy conservation

§ High-order schemes
§ TFV2A, TFV4A, 4th-order V4

§ Shock capturing schemes
§ Time integration: RK, HLLC, SLAU, SLAU2
§ Space integration: 4TH, 2nd-order MUSCL
§ V4 gradient reconstruction [Dervieux et al.]

§ Combustion models from VDS
• Tabulated chemistry models (with TTC)
• Finite-rate chemistry models

§ Pressure gradient scaling for low-Mach number

§ Coupled to ALE 

YALES2 
Solvers
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Multifluid solver - MFS

§ 4-equation model

§ Exact thermodynamic equilibrium

§ NASG equation-of-state

§ ECS time integrations + Pressure gradient 
scaling

§ Coupled to ALE

YALES2 
Solvers
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Granular flow solver - GFS
YALES2 
Solvers
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Collision course
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§ DEM/CFD model
§ Gas phase

§ 4-way coupling for particles

§ Soft sphere model for collisions
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@

@t
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Newton’s second law

Heat transfer : 



Dealing with multi-scale flows

HP-dynamic adaptation

61



Adaptive simulations

• H-adaptation
– Topological changes of the mesh
– MMG: https://www.mmgtools.org

• P-adaptation
– Discretization order change [1]

• HP-adaptation
– Combination of both

62

4 Page 28 of 36 Journal of Scientific Computing (2022) 91 :4

Fig. 17 FV sub-cell distribution (left) and element local polynomial degree (right) used for the forward facing
step computation with the setups Flexi-static (top), Flexi-p-adaptive (middle) and Flexi-hp-adaptive (bottom)

element and therefore less computation time. From Table 4, we can deduce a speed up of
almost a factor 3 for the setup Flexi-p-adaptive and still a factor of about 1.6 for the setup
Flexi-hp-adaptive, where an increased FV sub-cell resolution was applied additionally.

8.8 Airfoil at Transsonic Conditions

In this subsection, we simulate the flow around an airfoil at transsonic conditions to validate
our framework against a more realistic setup. The airfoil is placed in the computational
domain Ω , that is discretized with 8156 hexahedral elements. The simulation is initialized
with Mach 0.73 freestream conditions, defined as

(ρ, v1, v2, v3, p) = (1.0, 0.998, 0.061, 0.0, 1.340)

and the heat capacity ratio γ = 1.4. The airfoils surface ismodeled as a reflectingwall bound-
ary and inflow and outflow conditions are imposed. Again, we perform a 3D computation for
a 2D problem and apply periodic boundary conditions in the z-direction. Shock capturing
and p-refinement is performed with the modal decay indicator applied on the pressure with
the thresholds [DGNmin

re f ine, DGNmax
re f ine] = [5.5, 6.05] and [FV Nmin

lower , FV
Nmax
lower ] = [3.0, 4.0].

As a Riemann solver, the approximate Roe solver is used. We compute the test case with
the three different numerical setups Flexi-static, Flexi-p-adaptive and Flexi-hp-adaptive and
compare the results. The exact setups are provided in Table 5. Results at the final time t = 10
are provided in Fig. 18. Both the density distribution with equidistant contour lines and cor-
responding schlieren images are on display. A region with supersonic flow conditions and a
shock are visible above the airfoil. Vortex shedding can be observed at the trailing edge and
in the wake. The underlying distribution of FV sub-cells and the element local polynomial
degree is visualized in Fig. 19. For all three setups, FV sub-cells are positioned exclusively
at the shock and directly at the trailing edge. The influence of the increased FV sub-cell
resolution in the case of the third computational setup is highlighted in the schlieren image.
The shock is resolved significantly sharper and vortical structures in the wake are richer and

123

[1] Mossier, Beck, Munz, JSC, 2022

https://www.mmgtools.org/


H-adaptation: Mesh metric definition

• A continuous metric is defined [1,2]

• The isotropic metric is linked to the local cell size

63

Cell size

Distance to
Interface

�xmin

0

[1] Courty et al., ANM, 2006 [2] Alauzet et al., Proc. IMR, 2006

LM(AB) =

Z B

A

p
M(s)ds

<latexit sha1_base64="3HT0gU8xDTirqkPpaIkQDcZ0qWY="></latexit> A

B

• Example of cell size 
distribution to track a 
gas/liquid interface

• Remeshing is triggered
by the interface going
out of a protected region
(CFL-like condition)
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i



H-adaptation: High Performance Computing
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Parallel edge-cutting Parallel load-balancing

Mtarget
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Moving interface method [1,2]

• A combination of several kernels

[1] Digonnet et al., IJHPCA, 2017 [2] Balarac et al., Maths in Action, 2022

mmgtools.org



H-adaptation: Application to the PRECCINSTA burner
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4 Volume/surface adaptation with MMG5.3 and YALES2 2018.11
4 Metric definition based on a calculated progress variable gradient
4 Same resolution as 110M (300 microns) but with 38M cells: global x3 speed-up



H-adaptation: Application to primary atomization

• Pressure swirl atomizer
– 390M elements, 2176 cores, Dx=10 µm at interface

66

Courtesy J. Vernier, J. Leparoux, R. Mercier, SAFRAN TECH

[1] Janodet et al., JCP 2022



H-adaptation: DLR jet-in-cross-flow [1]
• Liquid jet in cross flow

Zoom in dilute region

Mesh

[1] J. Becker, C. Hassa, Atomization and Sprays 11 (2002) 49-67. [2] R. Janodet et al., JCP 2022

1B cells, 15 600 liquid structures 
10’000 cores of Irene AMD, TGCC, CEA
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Air, 10 bar

K
er

os
en

e

67



Spray combustion in the CRSB burner
• N-heptane spray burner
• Experimental data: https://crsb.coria-cfd.fr

68A. Stock, G. Lartigue, V. Moureau, IJNMF, 2023 A. Stock, V. Moureau PROCI, 2024

https://crsb.coria-cfd.fr/
https://crsb.coria-cfd.fr/
https://crsb.coria-cfd.fr/


Fluid/struct. int. with LEGI (T. Fabbri, G. Balarac)
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• DYNEOL ANR project
• Structural mechanics solver (SMS) + incompressible solver (ICS)
• 3D Turek case [1] with dynamic mesh adaptation

[1] A. Kalmbach, M. Breuer "Experimental PIV/V3V measurements of vortex-induced fluid–
structure interaction in turbulent flow—A new benchmark FSI-PfS-2a"



P-adaptation: Pair-based Finite-Volume Formalism
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§ Discrete Finite-Volume conservative Navier-Stokes equations 
on unstructured meshes

§ Pair-based flux estimation 

1-D independent flux estimations

§ Pair-based schemes can be:
– Central transport: Kinetic-energy conserving [1]
– Central diffusion: Necessarily dissipative
– Upwind transport: Maximum principle preserving [2]
– Higher-order: k-exact [3]

2D barycentric control volume 

[1] Morinishi et al., JCP 1998
[2] Debiez & Dervieux, C&Fluid 2000

[3] M. Bernard, G. Lartigue, G. Balarac, 
V. Moureau, G. Puigt, IJNMF 2020



P-adaptation: Pair-based Finite-Volume numerical schemes 
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TurbulenceMixing-layerFlame front Shock wave or gas/liquid interface

Continuous phenomenon Discontinuous phenomenon

§ Polynomial approximation of
§ Compute  

Solving a Riemann problemTaylor expansion (continuity hypothesis)

§ Godunov schemes
§ V4 reconstruction [1] 

Advantages: 
• High order (4th-order in YALES2)
• Non-dissipative

Drawbacks: 
• Not Total variation diminishing (TVD)
• Not robust to high gradient (Gibbs problem )

Advantages: 
• Total variation diminishing (TVD)
• Robust to high gradient

Drawbacks: 
• Low order
• Dissipative

How to compute the flux           at face ?

[1] P.H. Cournede, B. Koobus, A. Dervieux, Revue européenne de mécanique numérique, 2006



HP-adaptation: how to choose metric H and order P? 

• Two main strategies

72

Example: Based on a transported variable Example: Using a shock sensor

Droplet convection with level-set

User-defined

§ Order P and metric H are chosen 
by the user

Physics-based criteria

§ Flow and turbulence criteria
– (QC1,QC2,QC3) [1,2,3]

§ Combustion criteria (S2R3)

2D-axi nozzle symmetric simulation

[1] Bénard et al., IJNMF, 2015      [2] Daviller et al., FTaC 2017.        [3] Celik et al., J. Fluid Eng., 2005



HP-adaptation: Simulation of shock bubble interaction
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Numerical set-up
o ECS : Explicit compressible solver

o Time discretisation: TFV2A  2-step, 2!" order

o Space discretisation :

• Central 𝟒𝒕𝒉 order scheme

• HLLC + MUSCL shock capturing scheme.

•    P-adaptation (shock sensor [1] )

o Mesh adaptation (H-adaptation)

Boundary conditions
o Walls : No-slip   
o Inlet : Velocity – Temperature (NSCBC)

o Outlet : Static Pressure

[1] Henry et al., 2015, Journal of Computational Physics.           

[2] J-F. Haas, B. Sturtevant, 1987 J. Fluid Mech.

Schlieren images [2] 

Schematic representation



HP-adaptation: Simulation of shock bubble interaction
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HLLC – MUSCL 
Δ𝑥 = 0.5𝑚𝑚

HLLC – MUSCL 
 H-adapt Δ𝑥 = (0.5𝑚𝑚 , 0.2𝑚𝑚)

P-adapt 4TH - HLLC – MUSCL  
Δ𝑥 = 0.2𝑚𝑚

P-adapt 4TH - HLLC – MUSCL  
H-adapt Δ𝑥 = (0.5𝑚𝑚 , 0.2𝑚𝑚)

Case Turnaround  (10 Proc)

C1 6 min -15 sec

C2 20 minutes - 8 sec

C3 20 minutes – 17 sec

C4 54 minutes – 26 sec

C1 C2

C3 C4

Cost

Precision

C1

C2 C3

C4
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𝑀!,#$ = 0.953D flows 𝑄 =
1
2 Ω!"Ω!" − 𝑆!"𝑆!"

[1] P. Tene Hedje, L. Bricteux, Y. Bechane, and S. Lavagnoli. “Large Eddy Simulations of a high-speed low-pressure turbine cascade 
at subsonic and transonic Mach numbers”. In: ASME Turbo Expo 2024: Turbomachinery Technical Conference and Exposition (2024).

HP-adaptation: LES of High-Speed low-pressure turbine



HP-adaptation: Rotative Detonation Combustion

76Fresh gases

Hot gases

Numerical set-up
o ECS : Explicit compressible solver

o Space discretisation :

• Central 𝟒𝒕𝒉 order scheme

• SLAU2 + MUSCL shock capturing

• HP-adaptation (shock sensor [1] )

o Kinetic scheme : 

• H2-air mechanism

      (5 species, 3 reactions)

[1] Henry et al., 2015, Journal of Computational Physics.

Courtesy of Said Taileb
SAFRAN TECH



HP-adaptation: high-pressure leakage flows
• Multi-fluid solver: 4-equation model
• NASG equation-of-state
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Gas H2 leak
P0/P1=10.0

Liquid NH3 leak
P0/P1=11.5

Ruggles and Ekoto (2012)Carmona, Raspo, Boivin, Moureau, IJMF (2025)



Conclusions

78



Conclusions & perspectives
• Proposed methodology

• Pair-based Finite-Volume scheme adaptation (P) and mesh-
adaptation (H) method for the simulation of fronts and interfaces

• The scheme adaptation (P) involves using:
• High-order non-dissipative centered scheme in smooth regions
• Low-order positive Godunov-MUSCL scheme in high gradients regions
• Discontinuity sensors

• Dynamic mesh adaptation (H) near areas of significant variation to 
enhance resolution and minimize numerical errors.

• Demonstrated for
– Compressible flows with shocks
– Incompressible flows
– Combustion / detonation
– More to come…
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